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Abstract 

The relativistic KMS condition introduced by Bros and Buchholz provides a link be- 
tween quantum statistical mechanics and quantum field theory. We show that for the P(4>)2 
model at positive temperature, the two point function for fields satisfies the relativistic KMS 
condition. 

1 Introduction 

The operator algebraic framework allows to characterize the equilibrium states of a quantum 
system by first principles: when the dynamical law is changed by a local perturbation, 
which is slowly switched on and slowly switched off again, an equilibrium state returns to its 
original form at the end of this procedure. In a pioniering work Haag, Kastler and Trych- 
Pohlmcyer [15] showed that this characterization of an equilibrium state leads to a sharp 
mathematical criterion, the so-called KMS condition, first encountered by Haag, Hugenholtz 
and Winnink [14] and more implicitly by Kubo [23], Martin and Schwinger [24]. 

On the other hand, the vacuum states of a relativistic QFT are characterized by Poincare 
invariance and the spectrum condition [27]. Both the KMS and the spectrum condition can 
be formulated in terms of analyticity properties of the correlation functions, but for almost 
40 years the connection between these two conditions was not investigated in depth, and 
algebraic quantum statistical mechanics and algebraic quantum field theory were treated in 
this respect as disjoint subjects. But finally increased interest in cosmology and heavy-ion 
collisions led to a need to combine QFT and quantum statistical mechanics. 

It was first recognized by Bros and Buchholz [6] that the thermal equilibrium states of 
a relativistic QFT should have stronger analyticity properties in configuration space than 
those imposed by the traditional KMS condition. The result of their careful analysis is a 
relativistic KMS condition which can be understood as a remnant of (and, in applications, 
as a substitute for) the relativistic spectrum condition in the vacuum sector. 



1.1 Content of the Paper 

The content of this short paper is as follows. In Section 2 we recall the construction of the 
P{(f)2 model at positive temperature presented in [12]. In Section 3 we review the main 
ingredients of the Euclidean approach to thermal field theory. In Section 4 we show that the 
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Wightman two-point function for fields satisfies the relativistic KMS condition. Section 5 is 
devoted to a brief discussion of the implications of the relativistic KMS condition. 

2 The spatially-cutoff P(4>)2 model at positive tempera- 
ture 

The construction of interacting thermal quantum fields in [12] includes several of the original 
ideas of H0egh-Krohn [17], but instead of starting from the interacting system in a box the 
authors started from the Araki- Woods representation for the free thermal system in infinite 
volume. We briefly recall the main steps of this construction. 

2.1 Preliminary Material 

The KMS condition A state top over a C*-algebra A equipped with a C* — dynamics 
T t is called a (t, /3)-KMS state for some (3 G IR U {±oo}, if for all A 7 B E A there exists 
a function Fa,b which is continuous in the strip {z G C | < 3z < (3} and analytic and 
bounded in the open strip {z G C | < 3z < /?}, with boundary values given by 

F A , B {t)=u>p(Ar t {B)), F AiB (t + i(3)=wp(T t {B)A), Vt el. 

Thus KMS states are characterized by a real parameter (3, which has the meaning of 
inverse temperature. 

The relativistic KMS condition Lorcntz invariance is always broken by a KMS 
state. A KMS state might also break spatial translation or rotation invariance, but the 
maximal propagation velocity of signals is not affected by such a lack of symmetry. 

Definition 2.1 A state ujp over a C* -algebra A satisfies the relativistic KMS condition at 

inverse temperature /? > if there exists some positive timelike vector e G V+, e 2 = 1, such 
that for every pair of elements A,B of A there exists a function Fa,b which is analytic in 
the tube domain 

Tp := {z G C 2 | 3z G V+ n (fie + V-)}, 
and continuous at the boundary sets H 2 and TR 2 + I(3e with boundary values given by 

F A ,B(t,x) = wp(Aa t , x (B)) and F A , B {t + I(3e, x) = u>p(a t , x {B)) 

for all (t,x) G H 2 . Here V± = {{t,x) G H 2 | |£| < \x\, ±t > 0} denote the forward/backward 
light-cones. 

Remark 2.2 Note that in the limit (3 — > oo the tube Tp tends toward the forward tube 
M 2 + IV + . 

As we will discuss in Section 5, the relativistic KMS condition has numerous applications. 
For instance, the famous Reeh-Schlieder property (in the thermal representation) is a direct 
consequence of the relativistic KMS condition (and weak additivity) , no matter if the spatial 
translation or rotation invariance is broken by the KMS state or not [19]. 
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2.2 The free neutral scalar field at temperature (3 1 

Let f) = H~^(fil) be the complex Sobolev space of order — ^ equipped with the norm 

\\h\\ 2 = (h 1 (2u)- 1 h) LHM , dx) 

for v := {D 2 + m 2 )? . 

Let 2U(f)) be the abstract Weyl C*-algcbra over h. On 2B(h) we define the free time 
evolution {T t °}tg]R by 

r°(W(h)) = W(e Itu h), hel),teJR. 
For m > the unique (t° , /3)-KMS state on the Weyl algebra 2B(fj) is given by 

(2.1) — c -i( h -( 1 + 2 p)' 1 ), het), 
where p := (e^ - l)" 1 , /3 > 0. 

The Araki- Woods representation A realization of the GNS representation associ- 
ated to the pair (2B(f)),u/g) is provided by the Araki- Woods representation. We set: 

n AW :=r(hef)), 

w(W(/i)) = W xw (/i) :=Wr((l + p)th®pih), he if. 

Here f) is the conjugate Hilbert space to 1), W F {.) denotes the Fock Weyl operator on the 
bosonic Fock space r(f) © h) and Q F G r(f) © h) is the Fock vacuum. 

The generator of the time evolution Since lj^ is r°-invariant, the time evolution 
can be unitarily implemented in the representation t: aw : 

(2.2) e ltLAW n AW {A)tt AW :=ir AW (T?(A)){l AW , A G 2U(f)). 

The generator L_4 lv of the free time evolution, uniquely fixed by (2.2) and the request 
L AW £l AW — 0, is called the (free) Liouvillean. It is equal to AT{v © —77). 

Thermal fields The Araki- Woods representation 7r AW is a regular representation, i.e., 
the map E 3 A n W„(\h) is strongly continuous for any del). Thus one can define field 
operators 

<t>Aw(h) := -I^rW AW {\h) , fcel), 

ClA A— 

which satisfy in the sense of quadratic forms on T>((p AW (hi))r\T>((p AW (h2)) the commutation 
relations 

[4>Aw{hi),4> AW (h2)} = I$s(hi,h 2 ), fti, ft 2 G f). 

The net of local von Neumann algebras The von Neumann algebra generated by 
{^Aw(W(h)) | h G t)} is denoted by 7£ w - 

To define the net of local von Neumann algebras, we introduce the M— linear map 

U: f) = JT-i(]R) -> 

ft i — ► SRft + Ji/- 1 ^. 
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For I C H a bounded open interval, we define the following real vector subspace of fj 
(2.3) f)j := {h e f) | suppZ/h C /}. 

We denote by IZy(I) the von Neumann algebra generated by {W AW (h) \ h € f)/}. The algebra 

-(C*) 



A := (J ft„(J) 



7CIR 

is called the algebra of local observables. The union is over all open bounded intervals / C 1R 

and the symbol U/ciR^ w (^) denotes the C*-inductive limit (see e.g. [20, Proposition 
11.4.1.]). 

Remark 2.3 We note that the Araki-Woods representation is locally normal w.r.t. the vac- 
uum representation of the free field. Consequently, the C* -algebra A is identical (up to 
* -isomorphisms) to the algebra 

(C*) 



A F := |J 7r F (2U(f),))" 
/cm 



where irp is the Fock representation. 

2.3 The spatially-cutoff P{(f)2 model at temperature /3 1 



Let P(X) = Sj=o a 3^ be a real valued polynomial, which is bounded from below, and let 
I E H + be a spatial cutoff parameter. The spatially cutoff P((f>)2 model on the real line 1R 
at temperature (i~ x is then defined by the formal interaction term 



= J :P(<j> AW (x)):dx, l>0. 



Here : : denotes the Wick ordering (see e.g. [13]) with respect to the temperature (5~ x covari- 
ance on H: 

(1 



(2.4) C (h u h 2 ) :={ hl , ^— e -^ h,)^, hufoeSQB.). 



Using a sequence of functions {5k} approximating the delta- function, the limit 

Vi := lim / :P(cj) AW (5k(. - x)): dx 



exists on a dense set of vectors in T(f) © [)). An approximation of the Dirac (5 function can 
be fixed by setting Sk(x) := fcx(fcx), where x is a function in C^° M (TR d ) with J \(x)dx = 1. 

The perturbed KMS system It can be shown (see [12]) that the operator sum 
Law + Vi is essentially sclfadjoint on V(L AW ) n T>(Vi) and if we set Hi := L AW + Vi, then 
the perturbed time-evolution on A is given by 

T l t {A) :=e ItHl Ae- ItHl , A e A. 

The perturbed KMS state uii on A is normal w.r.t. the Araki-Woods representation t^aw- 

In 

fact, the GNS vector Q, AW G T(\) belongs to T>(e^^ Hl ) and the perturbed KMS state u>i 
is the vector state induced by the state vector 

e-% H >n AW 

ill :- 



\\c-? H >n AW \ 
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These results are in complete analogy to the analytic perturbation theory for bounded pertur- 
bations due to Araki (see e.g. [5]). Identical formulas, valid for a certain class of unbounded 
perturbations, have recently been derived in [8]. 

2.4 The translation invariant P{4>)2 model at temperature (3~ l 

Existence of the dynamics Let I c IR a bounded open interval. For f e IR fixed, the 
norm limit 

lha rl(A)=:r t (A) 

l— *oc 

exists for all A G TZ V (I). In fact, for A and t fixed, t\{A) is independent of I for I sufficiently 
large. 

By construction the elements of the local von Neumann algebras TZ V (I), I open and 
bounded, are norm dense in A. Thus the map r:t i— > r t extends to a group of ^-automorphisms 
of 21. Moreover, if {a x } x6 ]R denotes the group of space translations over A, defined by 

a x (W AW (h)) := W AW (e Ix - k h), x e H, 

where k is the momentum operator acting on \), then 

n o a x — a x o rt 

for all t, x € IR. Consequently the time evolution is translation invariant. 

Existence of the thermodynamic limit Let {w;}z>o be the family of (r',/3)-KMS 
states for the spatially cutoff P{4>)2 models constructed in Subsection 2.3. Then it has been 
shown in [12] that 

(2.5) w — lim oj[ =: cup exists over A. 

Moreover, the state up has the following properties: 

(i) ujp is a (t, /3)-KMS state over A; 

(ii) uj/3 is locally normal, i.e., if I C IR is an open and bounded interval, 
then ti>p\K v (i) is normal w.r.t. the Araki- Woods representation; 

(iii) u>p is invariant under spatial translations, i.e., 

up{a x {A))=oj {A), xeJR, A e A; 

(iv) Lop has the spatial clustering property, i.e., 

lim udAaJB)) = uob{A)uob{B) VA, B E A. 

x^oc 

The rate of the spatial clustering is related to the infrared properties of the Liouvillean 
[18]. 

3 Euclidean approach 

As far as the formulation of the spatially cut-off thermal P{<f>)2 model is concerned, the 
Euclidean approach is only used to show that the sum of the operators Law and Vi (which 
are both unbounded from below) is essentially sclfadjoint on the intersection of their domains. 

However, for the existence of the thermodynamic limit (2.5) the Euclidean approach 
is used in a more sophisticated manner. The key argument in the proof of (2.5), Nelson 
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symmetry, will be crucial for the proof of the relativistic KMS condition too. In order to 
formulate it, we briefly recall the Euclidean approach, in a framework adapted to the thermal 
P{4>)2 model (sec [11], [21] for a more general abstract framework). 

3.1 Euclidean reconstruction theorem 

Euclidean measures on the cylinder Let Sp = [— 0/2,0/2] be the circle of length 
0. The points in the cylinder S^xE are denoted by (t,x). Let Q := S^(Sp x IR) be the 
space of real valued, 0— periodic Schwartz distributions on Sp x IR and let E be the Borel 
(7-algebra on Q. Let \x be a Borel probability measure on (Q, E). 
For / G Sm(Sp x IR), we denote by <j)(f) the function 

<£(/): Q - IR 
q >-> (?,/>■ 

For T > 0, we denote by E[ 0) t]> the sub cr-algebra of E generated by the functions 
e J ^(/) f or supp / C [0,T[xIR. Let r: Q — > Q be the time-reflection around t = defined by 
r(j>{t,x) = <p(—t,x) and let r t B : Q — > Q be the group of euclidean time translations defined 
by rf(j>(s, x) — <p(s — t,x). The map r lifts to a *— automorphism R of L°°(Q, E) defined by 
RF(q) := F(rq), and the group r t £ lifts to a group U(t) of *-automorphisms of L°°(Q,T,). 
This group is unitary on L 2 (Q, E,/i) if fi is invariant under T t B . 

Reconstruction theorem Let 7^os L 2 (Q,Y,[ Qt p/2],dfj,). We assume that the mea- 
sure fj, satisfies the Osterw alder- Schrader positivity 

(F, F) := [ R(F)Fd(i > VFeHos- 

Jq 

Let N C Hos be the kernel of (., .). We set 

Wphys := Hos/N, 

where the completion of Hos/N is done w.r.t. the norm (., The canonical projection 
Hos to Hphys is denoted by V. 

In 7i p hys we have the distinguished vector 

O phys := V(l), 

where 1 is the constant function equal to 1 on Q. 

The unitary group U(t) for t > does noi preserve 7Yos (contrary to 0-temperature 
theories), because distributions supported in the 'future' [0,/3/2[xIR come back in the 'past' 
]—/3/2,0]xIR by time translations. Nevertheless U(s) for < s < t sends L 2 (Q, £[o l( 3/2-t[> d/i) 
into Hos- 

Using the theory of local symmetric semigroups (see [10], [22]), it is possible to define a 
selfadjoint operator £ p h ys on H p h ys such that for F G L 2 (Q,T,[ 0j3 / 2 -t[,diJ,) and < s < t 
one has 

V(U(s)F) = e' sL ^V(F). 

Finally if A G L°°(Q,E{o}), then multiplication by A preserves Hos an d M, and one 
obtains a representation 7r p hy S of the algebra of time-zero fields L°°(Q, E{ }) : 

7r phys (A)V(F) :=V(AF), F G Hos- 

From this reconstruction procedure one obtains a 0-KMS system defined as follows: 
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(i) the C*-algebra A p hys is the von Neumann algebra generated by 
the operators e ItL ^yTT phys (A)c- ItL " h y , t € IR, A G L°°(Q, £ {0} ); 

(ii) the dynamics r t on *4 p h ys is the dynamics generated by the unitary 
group e _7 * LphyB ; 

(hi) the /3-KMS state on -4 p h ys is the state generated by the vector 

^phys- 

3.2 Euclidean measure for the translation invariant P{4>)2 model 

The spatially-cutoff P{4>)2 model at positive temperature allows an Euclidean formulation: 
the measure d/z; for the spatially cutoff P{4>)2 model is given by 

, n „s 1 - f ■■P(4>(t,x)): c dtdx , , 

(3.6) d M; := — c J -0/2 J -i ^'» c d C) 

where d4>c denotes the Gaussian measure on (Q, S) with covariance 

C(u, u) = («, (D 2 +D 2 X + m 2 )" 1 ^ 
(with /3-periodic b.c.) defined by 

(3.7) / eWVtyc = e-W-M 2 , f G S M (Sp x JR.). 

JQ 

The partition function Zi is chosen such that Jq dpn = 1 . 

Existence of limiting measure In order to show that one can remove the spatial 
cutoff one has to show that 

(3.8) lim / F(q)d fM =: ( F( g )d Moo 

1-, + OoJq Jq 

exists and defines a Borel probability measure on S^Sp x M). 

Nelson Symmetry Formally exchanging the role of t and x in (3.6) one notices that 
d/ioo is the Euclidean measure of the P(<f>)2 model on the circle at temperature zero. This 
formal argument can be made rigorous (see [12], [17]). In particular one has: 

(3 . 9) e-O/l^W'.^^dt = ^ f^(f_^ 2 :P W t,s)): c ,dt)dx_ 

Note that on the r.h.s. Wick ordering is done w.r.t. the covariance 

The analog of (3.9) in the zero temperature case is called Nelson symmetry (see e.g. [26]). 

It was first noticed by H0egh-Krohn [17] that the existence of the limit (3.8) is equivalent 
to the uniqueness of the vacuum state for the P((j))2 model on the circle. 

Using Nelson symmetry, the existence of the limit (3.8) is proved in [12]. Moreover it 
is shown in [12] that /Zoo is OS positive, invariant under space-time translations, and that 
sharp-time fields are well defined: this means that if 8k £ C^°(Sf3) is a sequence of functions 
tending to the Dirac distribution So, then the limits 

4>{t,h) := lim (j)(5 k (. - t) <S> h) 

k—*oo 

exist in ni< P<0 o LP (Q> S,d Mco ) for any h G Cg°(]R). 
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4 The relativistic KMS condition 



In this section we show that two point functions for fields in the thermal P(<j>)2 model satisfy 
the relativistic KMS condition. 

Identification of physical objects Let (Hp,ivp,£lp) be the GNS triple associated 
to the KMS state up over the C*-algebra A. Let also Pp,Lp be the unique generators of 
space-time translations such that Lp£lp = Ppflp = 0. 

As we saw in Subsect. 3.1, the Euclidean reconstruction theorem provides a Hilbert space 
Wphys, a unit vector f2 p hy S , a representation 7r p hy S of the abclian von Neumann algebra Uaw 
generated by {Waw(M \ h €. f),h real valued }, and a selfadjoint operator 7 p h ys - Since the 
Euclidean measure /i^ is invariant under space translations, we obtain also a selfadjoint 
operator P p hys implementing the space translations. 

Let us briefly check that these two families of objects are identical (up to unitary equiv- 
alence). In the sequel we will freely identify them. 

Let il(J) be the abelian von Neumann algebra generated by {WawW I ^ e f)> ^ rea l valued, supp h C 
/}. It was shown in [12] that for Aj G il(7), 1 < j <n, 

(^phys, Il"=l e^^^TTphyB^Je-^^P^nphyB) 

(4.10) = MIK=iTtMi)) 

= (fy,nU eItjL ^p( A i) e - ItjL0 ^- 

Thus wc can define a map U : W p h ys — ► Tip by 

(4.11) Ue ItL " h y°ir phys (A)n phys := e ItL ^irp(A)n p , t G M, A G lt(7), 7 C H. 

From (4.10) we see that !7 preserves the scalar product, hence it can be uniquely extended 
by linearity to 

E = Vect{e ItL i' h ^7rp hys (A)Op hys | t G K, A e 11(7), / C M} 

as an isometry. It follows from the Euclidean reconstruction theorem, that £ is dense in 
W p hys- Moreover it is clear from (4.11) that U intertwines 7r p h ys and 7173 restricted to il and 
also intertwines 7 p h ys and Lp. Finally U also intertwines P p hys and Pp (note that the algebra 
of time-zero fields is clearly invariant under space translations). 

To check that U is unitary, we use a result in [12]: let B a (I) be the von Neumann algebra 
generated by {r t (A) \ A G il(7), |t| < a}. Then it was shown in [12, Prop. 6.5] that 

k„(7) = p| B a (i). 

a>0 

Since by construction Qp is cyclic for 7173 (.4), this implies that the range of U is dense in Tip. 
Therefore U is unitary. 

4.1 Wightman two point function for the thermal P(4>)2 model 

Let I C 1R be a bounded open interval and f)j the real subspace of f) defined in (2.3). 

By restriction to the local algebra 7£aw(7), ^p defines a CCR representation of the real 
symplectic space f)/. 

Lemma 4.1 i) The representation irp restricted to 7?aw(7) is quasi- equivalent to the con- 
crete representation of TZaw(P); 

ii) the CCR representation f)j 3 h 1— ► np(WAw(h)) G B(Hp) is regular. 
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Proof. It is well known (see e.g. [12, Lemma 6.2]) that 7?aw(-0 ^ a factor. Now it is shown 
in [20, Prop. 10.3.14] that if JZ is a C*-algebra and tt is a factor representation of 1Z, then n 
is quasi-equivalent to the GNS representation of any tt- normal state u). Applying this fact to 
Haw (I) (with its concrete representation) and to u>p, we obtain that TTp is quasi-equivalent 
to the concrete representation of TZaw(I)- This proves i). We know then that there exists 
a ^-isomorphism 7 from 7?aw(-0 hito TTp(lZ aw {I))" extending irp. This isomorphism is 
automatically weakly continuous. Since the Araki- Woods representation is regular, the same 
holds true for the GNS representation np restricted to [)/. □ 

Since 7173 is a regular CCR representation, we can define for h G f)j the Segal field operators 

<j>p(h) := -I^-TTp(W A w{sh)) 

us s— 

In the sequel we will consider only the time-zero fields ipp: 

<fp(h) := (j)p{h), for h G h real. 

Remark 4.2 If we restrict ourselves to time-zero fields, it is possible to give a direct proof 
that the CCR representation is locally regular, avoiding the use of the local normality of the 
state Up . In fact, let us show that 

(4.12) the map E3sm TTp(WAw{sh)) is strongly continuous for h G f)/, h real, 

using the Euclidean approach. 

It suffices to prove the weak continuity on a dense subspace of Hp. From the reconstruction 
theorem, we see that we may take as a dense subspace of Hp the linear span of the vectors 
Vfllf e^fe'^')) for hj G CgkOR), < t s < (3/2. 

We see that it suffices to prove the continuity of the map 

~ n 

mds^ / (nc^^v^^d^ 

Jq 1 

for hj G C^j(IR), tj G Sp. But this follows from the fact that </>(0, h) G L l (Q, d/ioo), shown 
in [12]. 

Lemma 4.3 ftp G T>(ipp(h)), V/i G h real valued. 
Proof. Clearly it suffices to prove that 

(4.13) 2 - {Q,p,e Is *^Q,p) - (ftp, e- Isip ^ h) Qp) < C\s\ 2 , < s < 1. 
By the reconstruction theorem, the r.h.s. is equal to 

f ( 2 _c /s ^)-c- /s ^))d Aloc . 

Jq 

since (f)(0,h) G L 2 (<5,d/ioo), we obtain (4.13). □ 

We now define Wightman two point functions. For a function h G C^°(IR) we denote by 
h~ the function h~(x) = h(—x). 

Proposition 4.4 There exists a unique Wp(t, .) G C°(TR t , V(JR)) such that for hi,h 2 G 

(4.14) (ippih^Qp, e ItL ^ipp(a x h 2 )Qp) =hi*h^* Wp(t, x), (t, x)eTR 2 . 

Proof. For fixed t the l.h.s. is a bilinear form Q t w.r.t. hi and h 2 . Moreover it is 
shown in [12] that ||<£/3(/i)f2g|| < C||/i||s, where is a Schwartz seminorm. Therefore 
Qt is continuous for the topology of Cq°(IR), which by translation invariance, implies the 
existence of Wp(t, .). The continuity w.r.t. the variable t of W(t, .) follows from the obvious 
continuity in t of the l.h.s. of (4.14). □ 
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4.2 Relativistic KMS condition 

The rest of this section is devoted to the proof of the following theorem: 

Theorem 4.5 The distribution Wp(t, x) extends holomorphically to JR +IVp, where Vp := 
{{t,y) | \y\ < inf(t, (3 — t)}. Therefore for Ai = ipp(hi), hi G C^ (IR) the two-point function 
FA 1 ,A 2 {ti x ) * s holomorphic in IR 2 + IVp. 

4.3 Proof of Thm. 4.5 

Let us briefly recall a few facts concerning the 0— temperature P((f>)2 model on the circle Sp . 
The Hilbert space is the Fock space T(H-2(Sp)), where H~2(Sp) is the Sobolev space of 
order — \ on Sp with norm 

\\g\\ 2 = (g,(2b)- 1 g) LHSp4t) 

with b = (D 2 + m 2 )^ . For g G H~^(Sp), we denote by <fic(g) the (Fock) field operator acting 
onT(H-i(Sp)). 

The operator sum 

dT(6) + / : P(<f>c(t)) :c p dt 

JSp 

is essentially selfadjoint and bounded below, and the Hamiltonian of the P{4>)2 model on Sp 
is 

H c := dT(6) + / : P(<f>(t)) : c& dt - E c , 

where Ec is an additive constant such that inf cr(Hc) = 0. The Hamiltonian He has a 
unique (up to a phase) ground state (i.e., vacuum state) induced by the state vector fi<?. 
Another fact we shall need is the following: if <?i,<72 are real elements of H~i(Sp), then 
(4>c(gi)Qc,e~ yHc 4 l c(g2)ftc) is real for y <G H + . This follows from the representation of 
c -y H c us j n g the Feynman-Kac-Nelson (FKN) formula. 
Finally we note that 

P C := AT(D t ) 
is the momentum operator on the circle Sp. 

The two-point function for the P(<p)2 model on the circle Now consider the 
two-point function Wc for the P(4>)2 model on the circle 

W c (t,y) = ^l c ,4>c{^ IvHc ^ tPc 4>c{5o)^c), * G Sp, y G JR. 
Wc is a tempered distribution on Sp x 1R rigorously defined by 

(W c ,f®g) := (2tt)5 (<f>c(5 )ilc,g(-H c )<l>c{f)^c), 

for / G C°°(Sp), g G <S(IR), and g the Fourier transform of g. 

To check that Wc is well defined as a tempered distribution, we use the bound 

(4.15) \\{H C + l)-hc(h)(H c + I)"* || < C\\h\\ H - H Se), 

which using that 5o G H~ 1 (Sp) yields 

\(W c ,f ® g)\ < C\\(Hc + iyg(-H c )\\\\f\\ H -i {Se) \\(Hc + l)^ c || 2 . 
The r.h.s. can clearly be estimated in terms of Schwartz seminorms of / and g. 
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Analytic continuation We first recall the spectrum condition on the circle [14]: 

\Pc\ < H c . 

Set 

V± :={(t,y)eJR 2 | \t\ < \y\, ±y>0}. 
Using \\e- eHc (H c + 1)|| < Ce" 1 and the bound (4.15) wc conclude that 

F(r,z) := (n c ^ c (So)c IzHc e lTPc ^(So^c) 
is holomorphic in Sp x IR + IV+, has a moderate growth when Qf(r, z) — ► and 
fF(t + Ie,y + Ie)f(t)g(y)dtdy 

= (27r) L 2(4 > c(So)n c ,9(-Hc)e^ Hc+Pc Uc(mc) 

when e — > 0, i.e., 

lim F(. + Je, . + Je) = W c (., .) in S'^ x IR). 

Locality on the circle Clearly 

W c = lim G k in S'(S*,3 x R), 

k—>-\-oc 

where 

G fc (i,y) := (Oc,0c(^)e /yffc e /tP ^ c (^)^c), 
and 8k is a sequence in C°°(Sp) with support in {t G IR | |t| < A: -1 } and tending to So when 
k — > oo. 

Now using locality (i.e., finite speed of light) on the circle, we see that if (t, y) £ Vp t k, 
Vp, k = {(t,y) | \y\ <inf(t,/3-t)-2fc- 1 }, 

then 

because no signal can go from supp S k to supp (8k + t) in time y if (t, y) £ Vp^k- This fact 
can be shown by exactly the same arguments as those used for the P((f>)2 model on IR. Thus 
for (t, y) £ Vp_k, the function Gk is real valued. 

Edge of the wedge According to the Schwarz reflection principle, Wc can now be view 
as the boundary value of a function holomorphic in Vp — iV + : 

W c (t,x)=H{t,x) 

where 

H(t,z) := ^c(So)nc,e- IzHc e- lTP ^c(So)n c ). 
Thus 

(4.16) Wc(t,y)=W c (i,y), {t,y) £ Vp + i{V+ U V-). 

We can now apply the edge of the wedge theorem [27]. It implies that there exists an 
open ball B(0, d) :— {z £ (D 2 | \z\ < d) such that Wc(t, y) is holomorphic in Vp + iT, where 

T := V+UV- UB(0,d). 

Moreover, Wc(t,iy) is real for t £ Sp, y > (by using the representation of cr yHc as a 
Feynman-Kac-Nclson (FKN) kernel). Thus W c (t,iy) is real for t £ Sp, y £ H, by (4.16). 
Applying the Schwarz reflection principle one more time, we conclude that 

Wc(t,y) = W c (t,-y) V(t,y) £Vp + iT. 
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Schwinger two-point function for the thermal P{4>)i model Let h G C^(1R) 
and set 

I(t,x) := / 0(0, h)<f>(t, ctxtydfioo, t G Sp,x G R, 

JS'(S x7R) 

where a x h(y) = h(y — x). By [13, Thm. 7.2], we get: 

1 =2 r_ TC<xi ^ 2< ^/ l (a ;i )(fi c ,0 c ((5o)e-^-^)^0 c ((5 t )fi c )/i( a;2 - a; )da ;i da ;2 
= 2 /-oo<, 1 < ;C2 <oo^(^- s )(^,0c(<5 t )e' (a:2 - a:i)ffc 0c(^o)^c)^(^2)dx 1 d a;2 . 

But (fi C) 0c(<5o)e- (x2_Xl)J?c <M<5t)^c) is real by the FKN formula and hence 
which yields: 

I(t,a;) = 2/^ < oo (/i(a:i)r(t,a52-a:i)M*2-a;) 

(4.17) 

+/i(.T! — ir)r(i, x 2 — X\)h(x2))dx\dx2, 

for 

r(t,a;) - (n c ,4> c (5 )e- xH c fc{8 t )n c ) = W c (*,iV), a; > 0. 

We have seen that Wc{t,y) = Wc(t,—y) for (t,y) G Vp + IT, which when restricted to 
teSp,$ty = 0, yields W c (t, Ix) = W c (t, -Ix). 

Therefore exchanging the variables x\ and x 2 in the r.h.s. of (4.17), we obtain: 

(4.18) 21{t,x)= / h(xi)Wc(t, x 2 - xi)h(x2 - x)da;ida; 2 = h*h~ *Wc{t, x), 

Jm 2 

where h~(x) := h(—x). 

Wightman two-point function for the thermal P{<fi)2 model Let VLp be the 

GNS vector for the thermal state uip, and let Pp and Lp be the generators of space-time 
translations such that PpSlp = LpQp = 0. We recall that <pp(h) for h G C^(IR) is the field 
operator in the GNS representation. 

Let Wp(t,x) be the two-point function for the thermal P{<f>)i model, defined by 

(4.19) {yp{hi)Q,p,e ItL < 3 yp{a x h2)Q,p) =hi*h^* Wp(t, x), 

for hi G C^(M). Since d/x oo is the Euclidean measure for the thermal -P(0) 2 model on the 
line, we have 

(4.20) Wp{It, x) = W c (t, Ix), 0<t< /3/2, xeTR. 

As we have seen, Wc{t,y) is holomorphic in Vp + IT. Thus we deduce from (4.20) that 
Wp(t, x) is holomorphic in T + IVp. Applying (4.19) with hi = h 2 =: h, we deduce from this 
fact that 

ifp{h)Qp G V(c-<- sL+ y p ^ 2 ) V(s, y) G Vp. 
But by the spectral theorem this clearly implies that Wp(t, x) is holomorphic in H 2 + IVp.O 
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5 Outlook 



The condition of locality leads to strong constraints on the general form of the thermal 
two-point functions which allow one to apply the techniques of the Jost-Lehmann-Dyson 
representation. As has been shown by Bros and Buchholz [6] [7], the interacting two-point 
function Wp can be represented in the form 



is the two-point correlation function of the free field of mass m in a thermal equilibrium state 
at inverse temperature /3. In contrast to the vacuum case, the damping factors T>p(x,m) 
depend in general in a non-trivial way on the spatial variables x. They describe the dissipative 
effects of the thermal background on the propagation of sharply localized excitations. 

If the underlying equilibrium state satisfies the relativistic KMS condition, the function 
Dp(x, m) is regular in x and admits an analytic continuation into the domain {z <E C | < 
0/2}- 
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